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In this letter, we propose to introduce a new Abelian gauge field Bμ corresponding to the so-called β symmetry into the normal
Quantum Electrodynamics in 2+1 dimensions (QED3) of γ representation. The resulting theory is shown to be equivalent to QED3
containing two flavors of two-component fermions with mass of an opposite sign. We also show that Bμ field can generate a Chern-
Simons term in perturbation theory. A comparison is made between the induced Chern-Simons term in the γ representation and that
in Pauli representation.
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Quantum Electrodynamics in 2+1 dimensions (QED3) has
been extensively studied for many years. It has many fea-
tures similar to Quantum Chromodynamics (QCD), such as
dynamical chiral symmetry breaking (DCSB) in the mass-
less fermion limit and confinement [1–4]. When studying
DCSB in QED3, one has to use four-component fermions
with γ matrices [5–14], since the model with two-component
fermions with Pauli matrices does not have chiral properties
due to the property of Pauli matrix algebra. On the other
hand, Chern-Simons theory has induced many significative
studies in QED3 [15–18]. Besides introducing Chern-Simons
term into the normal QED3 Lagrangian, it was also found that
in QED3 with two-component fermions a Chern-Simons like
term can also be induced from radiative corrections [19–25]
(Appendix A). However, this result does not hold for QED3
with four-component fermions due to the property of γ ma-
trix algebra. We note that γ matrices are defined on the ba-
sis of Pauli matrices. Except the algebraic connection, one
can hardly find any connection between QED3 with four-
component fermions and that with two-component fermions.
In this letter, we propose to introduce a new Abelian gauge
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field Bμ into the normal QED3 theory to establish such a con-
nection, and also prove the equivalence between the resulting
theory and QED3 containing two flavors of two-component
fermions with mass of an opposite sign. After introducing Bμ
field into the theory, we find that a Chern-Simons like term
can be induced in QED3 with four-component fermions.
The Lagrangian of QED3 with one flavor of four-
component fermion is
L = iψ¯/∂ψ − mψ¯ψ − eψ¯/Aψ − 1
4
FμνFμν. (1)





































and it can be readily checked that β commutes with γμ as
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βγμ = γμβ. (2)
Therefore, the Lagrangian (1) has a global symmetry corre-
sponding to the transformation ψ′ = eiβθψ. We call it β sym-
metry. Now we try to promote this β symmetry to be a local
symmetry. However, we note that the original Lagrangian (1)
does not have this local β symmetry, because one cannot give
Aμ an appropriate transformation rule to guarantee this. In
order to make our theory have both local β symmetry and the
original gauge symmetry, we introduce a new Abelian gauge
field Bμ into the Lagrangian, so that




where Gμν = ∂μBν − ∂νBμ. Under the normal local gauge
transformation, the fields transform as
ψ′(x) = eiθ(x)ψ(x), ψ¯′(x) = ψ¯(x)e−iθ(x),






while under the local β transformation, the fields transform
as
ψ′(x) = eiβθ(x)ψ(x), ψ¯′(x) = ψ¯(x)e−iβθ(x),
A′μ(x) = Aμ(x), B
′




It can be seen that the Lagrangian (3) has both normal gauge
symmetry and local β symmetry.








and ψ¯2 = ψ2†σ0. So ψ¯ = (ψ¯1 –ψ¯2). We also define
A1μ = Aμ + Bμ, A
2
μ = Aμ − Bμ, F1μν = ∂μA1ν − ∂νA1μ and
F2μν = ∂μA
2
ν − ∂νA2μ. Putting these definition into Lagrangian
(3), we can rewrite it as









The Lagrangian (4) resembles the Lagrangian of a two-flavor
QED3 theory with Pauli representation. So here we shall give
a simple discussion about two-flavor QED3. The Lagrangian












In the Lagrangian (5), M represents the mass matrix
diag(m1,m2). When m1 = m2, this Lagrangian has a U(1) ⊗
S U(2) symmetry, while for m1  m2 the symmetry group will
be eiθ1 ⊗ eiσ0θ2 . In Lagrangian (4), m1 = m and m2 = −m, so
there should be two gauge fields. Note that in Lagrangian (5),
ψ¯ is defined as ψ¯ = (ψ¯1 ψ¯2), while in Lagrangian (3) ψ¯ is de-
fined as (ψ¯1 –ψ¯2). Inserting ββ = I4 into Lagrangian (5), we
will obtain Lagrangian (3). This proves that after adding an-
other appropriate gauge field, the QED3 in γ representation is
equivalent to a two-flavor QED3 in Pauli representation. Af-
ter proving this equivalence, we can easily find out the phys-
ical meaning of the conserved charges corresponding to the
above two gauge symmetries. For the normal gauge symme-
try, the conserved current is
jμ = ψ¯γμψ. (6)







d2x ψ2†ψ2 = N1+N2. (7)
For the β symmetry, the conserved current is
jμβ = ψ¯βγ
μψ. (8)







d2x ψ2†ψ2 = N1 − N2.
(9)
From eqs. (7) and (9), it is easily seen that the conservation
of Q and Qβ is equivalent to the conservation of two types of
fermion number N1 and N2.
Normally, the induced Chern-Simons term appears in
QED3 of Pauli representation because of the identity
Tr[σμσνσλ] = −2iεμνλ. For γ matrices the corresponding
identity is Tr[γμγνγλ] = 0. Therefore, it appears that a Chern-
Simons term will not be induced in QED3 of γ representation.
However, one can show that a Chern-Simons term can be in-
duced from the modified Lagrangian (3). For example, let us
consider the lowest order term of the correlation function of
A and B in the perturbation theory. Its expression is






d3x d3y Aμ(x)Bν(y) Tr[βγ
μS (x − y)γνS (y − x)]
= −me2
∫




This is a radiative Chern-Simons term just as in the Pauli rep-
resentation case.
Now we will study a massless QED3 theory with a Pauli-
Villars regularization mass term in the four-component rep-
resentation





Then, similar to eq. (10), we can have an induced Chern-
Simons-like term from the single fermion loop as follows:
















Shi S, et al. Chin Sci Bull November (2013) Vol. 58 No. 31 3737















Using this asymptotic relation in eq. (12), we find that in the
limit M → ∞ the induced Chern-Simons-like term becomes





Now we define a parity transformation of QED3 in γ repre-
sentation as
x˜0,2 = x0,2, x˜1 = −x1.
To ensure parity invariance of the fermion kinetic term, one
requires
ψ(x˜) = γ1ψ(x). (15)
To ensure parity invariance of the interaction terms, one takes
the following transformation law of the gauge fields Aμ and
Bμ under the parity transformation
A0,2(x˜) = A0,2(x), A1(x˜) = −A1(x),
B0,2(x˜) = B0,2(x), B1(x˜) = −B1(x). (16)
From the above relations, we can see that only the mass term
breaks parity invariance. So, massless QED3 is invariant un-
der parity. But after we have considered Pauli-Villars regular-
ization, it can cause an induced and mass-independent Chern-
Simons-like term (eq. (14)) which gives a parity anomaly in
four-component representation.
In this letter we propose to introduce a new Abelian gauge
field Bμ corresponding to the so-called β symmetry into the
normal QED3 of γ representation. The resulting theory is
shown to be equivalent to QED3 containing two flavors of
two-component fermions with mass of an opposite sign.
Comparing eq. (10) with eq. (A3), one sees that the or-
dinary Chern-Simons term contains one U(1) gauge field,
whereas the Chern-Simons term in eq. (10) contains two dif-
ferent U(1) gauge fields. Hence, we believe that these two
representations are not quite the same.
We also show that Bμ field can generate a Chern-Simons
term in perturbation theory. There are still some open prob-
lems left, e.g., whether this equivalence holds at a nonpertur-
bative level, whether it holds at finite temperature, whether
the β symmetry holds nonperturbatively, and what is the char-
acter of the induced Chern-Simons term at finite temperature
and density. We shall study these problems in our future
works.
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